The geometric phase that appears in the effects of Aharonov-Bohm type is interpreted in the frame of Deligne's version of the Riemann-Hilbert correspondence. We extend also the concept of flat gauge field to B-branes which are coherent sheaves, so that such a field on a sheaf turns it into a holonomic regular D-module.
When X is a complex analytic manifold and D is a divisor of X, the Deligne's version of the Riemann-Hilbert correspondence gives an identification between the meromorphic flat connections on a holomorphic vector bundle F with regular singularities along D, and the representations of π 1 (X \ D) [5, 11] .
On the other hand, singular gauge fields are also present in the study of some physic systems; for example, in the Aharonov-Bohm effect. An indefinitely large solenoid creates a magnetic field B confined inside the coil. The Aharonov-Bohm effect occurs when one considers the motion of an electron in the region outside the solenoid, where the magnetic field is zero. The potential vector for B is necessarily singular. This singularity is related with the shift phase in the wave function of the electron after traveling around a closed path.
In Section 3, we consider also other geometric shift phases which appear in the wave function of a particle that undergoes a cyclic evolution in a singular flat field. We relate those shift phases to the representations associated to meromorphic flat connections by Deligne's theory (Proposition 3). Roughly speaking, in this section, we interpret the Aharonov-Bohm effect in general gauge field theories in the context of Deligne's theory.
A D-brane of type B on the complex manifold X is an object of D b (X), the bounded derived category of coherent sheaves on X [1, 2] . When the brane is a complex (F • , d • ) of locally free sheaves, a flat gauge field on the brane is a sequence of flat conections ∇ (i) (with ∇ (i) connection on F i ) compatible with the operators d i . The hypercohomology of the double complex (F • ; ∇ (•) , d • ) is stated in Proposition 5.
However, the definition of flat gauge fields on other kind of branes is not so straightforward. We will consider branes which are coherent sheaves, and we will try to define flat gauge fields on them. As guide for this definition, it is convenient to analyze some properties of the connections on vector bundles.
A connection on a vector bundle F over X allows to define a covariant derivation in the sheaf F of sections of F . And a flat connection, ∇, determines, through the covariant derivative on this sheaf, an action of the vector fields on X on the sections of F . That is, it defines a structure of left D X -module on the locally free sheaf F . The equation ∇σ = 0 for the parallelism, is a regular equation in Fuchs' sense, i.e. its solutions have a moderate growth. Moreover, it is a overdetermined equation, i.e., the space of solutions is finite dimensional. In terms of D-modules theory, the D X -module F is a regular holonomic D Xmodule [8, 9] . In this way, the regular holonomic D X -modules seem to be the natural generalizations of vector bundles endowed with flat gauge fields.
A sheaf S of complex vector spaces on X is called constructible if there is a stratification of X, X = ⊔ a X a such that the restrictions, S| Xa , of S to the strata are local systems. Denoting by D b (C X ) the bounded derived category of sheaves of complex vector spaces on X, the perverse sheaves are particular objects of the subcategory D b c (C X ) of D b (C X ), which consists of the complexes whose cohomology modules are constructible.
According to the Riemann-Hilbert correspondence, a regular holonomic D X -module can be identified with a perverse sheaf on X [6] . Hence, such a D X -module determines representations of the fundamental groups of analytic subspaces of X which form a stratification.
Denoting by Ω i X the sheaf of holomorphic i-differential forms on X, given a regular holonomic D X -module M, we set DRM for the complex DRM := Ω • X ⊗ O X M, δ • , with the differentials δ i are defined in the natural way (see (4.11) ). This complex is called the de Rham complex of M. The Riemann-Hilbert correspondence is the functor [6] M → DRM.
By the Kashiwara's constructibility theorem, there exists a stratification of X a of X, such that each (1.1) H j (DRM)| Xa is a local system on X a . That is, for each a one has representations ρ ja of π 1 (X a ). In this way, given a closed path γ in X a , the values of ρ ja ([γ]) will be the shifts of the corresponding "Aharonov-Bohm" effect.
In Section 4, we construct a regular holonomic D C -module in which there is Aharonov-Bohm effect. By contrast, in the D X -module B Z|X , direct image of O Z by the embedding of the subvariety Z ֒→ X [10, 8] , there is no A-B effect.
By D b rh (D X ) one denotes the subcategory of the derived category of D b (D X ), consisting of those objects whose cohomology modules are regular holonomic D X -modules [6] . The Riemann-Hilbert correspondence states the equivalence between D b rh (D X ) and D b c (C X ). Although it seems natural to consider the objects of D b rh (D X ) as those B-branes on X which are endowed with a flat gauge field, we have not developed this generalization in this note.
Flat gauge fields
Let X be a connected complex analytic manifold, and F a holomorphic vector bundle on X. By F we denote the O X -module of sections of F . A connection on F is a C X -linear morphism of abelian sheaves
where f and σ are sections of O X and F (resp.) defined on an open subset of X.
The connection ∇ can be extended to a morphism
The curvature of ∇ is the morphism
where α is a local section of Ω j−1 X . The connection ∇ is called flat if K = 0.
By the Frobenius theorem, the existence of a connection flat on F is equivalent to the fact that F admits a family of local frames, whose domains cover X and such that the corresponding transition functions are constant; i.e., F is a flat vector bundle.
When F is a Hermitian vector bundle on X, then a connection ∇ on F compatible with the Hermitian structure is called a gauge field on X.
Let where s is regarded as a "column vector". And a section ζ = a · s, where a is a map a : U → C m , is parallel if
The parallel transport defined by (2.3) determines the corresponding holonomy representation ρ of the fundamental group of X ρ : π 1 (X, x 0 ) → U(m).
Another connection ∇ ′ on F is gauge equivalent to ∇, if there exists an automorphism T of F such that
In this case, the automorphism T is defined by a smooth map g : X → U(m), and by (2.4), the connection form of ∇ ′ in the frame s is
The equation for the parallel transport with respect to ∇ ′ is a ′ ω ′ + da ′ = 0. Hence, if a ′ is solution for this equation, then a ′ g is solution of (2.3). Given γ ∈ π 1 (X, x 0 ) we denote by A, A ′ ∈ U(m) the corresponding holonomies around γ. By the preceding result A ′ = g(x 0 )Ag −1 (x 0 ). That is, the corresponding holonomy representations ρ, ρ ′ are equivalent.
The classes of gauge equivalent flat connections are the solutions to the vacuum equations for the corresponding Yang-Mills theory. By above argument, these vacuum states of the theory are in bijective correspondence with the representations of π 1 (X, x 0 ) in U(m).
Case π 1 (X) is a cyclic group. Let assume that π 1 (X, x 0 ) is a cyclic group, then a representation ρ of π 1 (X, x 0 ) in U(m) is determined the value of ρ at a fixed generator o of π 1 (X, x 0 ). Hence, two representations ρ and ρ ′ are equivalent iff there exists
On the other hand, any matrix of U(m) is conjugate with a matrix of the maximal torus (U(1)) m . Moreover, two matrices of this maximal torus are conjugated iff the have the same spectrum. Thus, we have the following proposition. Proposition 1. If π 1 (X, x 0 ) is an infinite cyclic group and F is a flat U(m)-vector bundle, then the space of vacuum states of the corresponding Yang-Mills theory can be identified with the quotient space
τ being a permutation of {1, . . . , m}. Now, let us consider the case π 1 (X, x 0 ) = Z/2Z. The irreducible representations of the symmetric group S k of k elements correspond to the conjugacy classes, which in turn are in bijective correspondence with the partitions of the number k. Thus, Z/2Z has only two irreducible representations r, r ′ , which are of dimension 1, since the group is abelian. The of vacuum states, i.e. the representations of this group in U(m), are the direct sums of the form (⊕ i r) ⊕(⊕ j r ′ ), with i+ j = m. Thus, one has the proposition. Proposition 2. If π 1 (X, x 0 ) = Z/2Z and F is a flat U(m)-vector bundle, then the space of vacuum states is a set of m + 1 elements.
Singular connections
Let X be a complex manifold, D a divisor of X. By O X [D] we denote the sheaf of meromorphic functions on X, which are holomorphic on
with f and σ are sections of O X [D] and F (resp.) is called a connection on F meromorphic on D [11] . We will also assume that ∇ is flat i.e.
where v, v ′ are arbitrary vector fields on X. According to Fuchs' theory, the solutions to a linear ordinary differential equation with regular singularities have a moderate growth. The regularity condition admits a translation to the meromorphic connections (see [6, Chapter 5] ).
The Deligne's version of the Riemann-Hilbert correspondence gives an identification of the flat regular meromorphic connections on D, and the representations of the fundamental group π 1 (X \ D). Essentially, that correspondence is defined via the holonomy around the loops in X \ D [5] .
The topological phases, which appear in the wave function of a particle when it moves in flat gauge fields, can be interpreted in the context of the Deligne's theory. Next, we consider some of these cases.
Aharonov-Bohm efect. Let us consider an infinitely long solenoid with radius R and whose axis is the x 3 -axis. Denoting by r the usual cylindric coordinate, the magnetic field created by the solenoid is
, for r > R The shift in the phase of an electron around the circle C, r = a > R positively oriented, is up to a constant factor
The corresponding strength Faraday form for the field created by the solenoid in r < R is
and K = 0 on r > R. Introducing the complex coordinate z = x 1 +ix 2 , the 1-formα
On the other hand, the 1-form
As the relevant quantity in the Aharonov-Bohm effect is Φ := BπR 2 , we can imagine the magnetic field along the x 3 -axis, such that its flux trough a disc with center on the z-axis and orthogonal to this axis is Φ. Motived by this idealization, we introduce the following notation X := C, D := {0} and F := O X [D]. In this setting, α can be regarded as a meromorphic flat connection, with logarithmic singularity at z = 0, on the O X [D]-module F .
As C α = Φ, according to Deligne's result, that connection determines a local system on C \ 0, which is the one that corresponds to the representation of Z determined by Φ.
Let S 1 , . . . , S r be a collection of solenoids with fluxes Φ 1 , . . . , Φ r trough a given plane. If z 1 , . . . , z r are the intersections of these ideals solenoids with that plane, then the meromorphic form
The effect of the set of solenoids on an electron moving on that plane around a closed curve γ, which encloses only the points z j 1 , . . . , z j k , will be a phase shift
Aharonov-Casher effect. The above discussion can be generalized to a particle which carries a spin-like variable. An example is the case of a non relativistic neutron moving around a charged wire. The corresponding phase change is the well-known Aharonov-Casher effect [4] .
A uniformly charged wire along the z-axis produces the electric field
The spin angular moment of the neutron can be written
where the σ a 's are the Pauli's matrices. The structure constants of su(2) relative to the basis {τ a } a=1,2,3 are the Levi-Civita symbols ǫ ikj . Denoting S := (S 1 , S 2 , S 3 ), the equation of motion for S is ([7, page 365])
where λ is a constant, and v is the velocity of neutron. Assuming that the neutron is moving on the plane x, y, from (3.1), it follows
On the other hand, the Wong equation for the motion of S is
where the su(2)-valuated 1-form A = A i µ dx µ τ i is the potential gauge. Using (3.2) and (3.3), we deduce that one can take as potential
Λ being − λq 2π . The phase accumulated by the spin of neutron when it completes an anticlockwise circle C in the plane x, y around the origin is
Next, we show an interpretation of this result in the context of Deligne's theory. On
). Hence, one can add to the potential form (3.4) the exact form iΛ(xdx + ydy) r 2 τ 3 .
Setting z = x + iy, the new potential form can be written as
This form is a meromorphic flat connection on the sheaf
where X = C and D = {0}. The regular meromorphic connection α corresponds, in the Deligne's theory, to the representation of π 1 (C × ) which associates to the loop γ : t ∈ [0, 2π] → e it the value exp( γ α), which is equal to the phase shift (3.5).
Holonomy and the Wong equation. Let X be a complex manifold and D a normal crossing divisor of X. That is, if p is a point of D there exist x 1 , . . . , x n coordinates around p such that D is defined by x 1 · · · x r = 0.
Let G be a matrix Lie group, subgroup of U(m). By B we denote a meromorphic 1-form on X with values in g such that (1) B is holomorphic on X \ D and has poles along D,
). We assume also that B has logarithmic singularities along D. That is, if the local expression of B around p is µ B µ dx µ , with B µ = (B ij ) i,j=1,...,m the functions x µ B µ,ij (for 1 ≤ µ ≤ r) and B µ,ij (for r < µ ≤ n) are holomorphic. Let us consider a particle carrying a like spin variable I which takes values in the Lie algebra g. We assume that the particle is moving on the manifold X, where the gauge field B is present. If its trajectory is the curve γ, That is, assumed that γ is a closed curve, the initial value I(0) of the variable I after the movement along the closed curve γ changes according to (3.10). We denote by E the trivial vector bundle X × C m over X, then the form A := −B defines a flat connection ∇ on O X [D] ⊗ O X E with logarithmic singularities along D.
Denoting by {u i } i=1,...,m the global frame of E defined by the canonical basis of C m , a section ξ = i ξ i u i of E is parallel along the above curve γ if
where ξ = (ξ 1 , . . . , ξ m ). We will denote by R −A (t) the corresponding resolvent. In the case that the curve γ is closed, then the holonomy around γ is ρ(γ) := R −A (1) ∈ G ⊂ U(m). According to the Deligne's version of the Riemann-Hilbert correspondence,
is the representation of π 1 (X \ D) determined by the flat connection ∇.
As B = −A, S = R −A (1), so from (3.10) one deduces the following matrix equation
Thus, shifts in the variable I, after the movement along the closed curves on X \ D, can be collected in the following representatioñ
where Ad is the adjoint representation of g. 
Flat gauge fields on holomorphic sheaves
4.1. The de Rham complex. Given a flat connection on the holomorphic vector bundle F over the complex manifold X, by (2.1), we have the following complex, called the de Rham complex associated to ∇,
One can consider the cohomology sheaves H
H 0 Ω • X ⊗ O X F = ker(∇) =: K. Thus, we can associate to each flat connection the cohomology groups
The form ω of a connection ∇ in a local the frame s is determined by the relation (2.2) . Then the curvature form in this frame is dω − ω ∧ ω. As the connection is flat
We will prove that, the Poincaré's lemma holds for the complex (4.1). Given αs, with α ∈ Ω k X (U) and such that 0 = ∇(αs), we need to prove the existence of a form βs, with β a k − 1-form defined in an open subset of U, such that ∇(βs) = αs.
From the condition 0 = ∇(sα), it follows
Hence the "unknown" β must satisfy the equation.
Differentiating this equation and using (4.4), one arrives to the integrability condition β ∧ dω = β ∧ ω ∧ ω. By Let U = {U j } be a good covering of X such that K| U j is a constant sheaf. Then theČech cohomologyȞ(X, K) =Ȟ(U, K). By the above uniqueness of the extension, given a cocycle inČ q (U, K), q ≥ 1, is a coboundary. Hence, (4.6) H q (X, K) = 0, for q > 0.
The spectral sequence K) . Thus, one has the following proposition. 
Γ(X, K), for p = 0 0, for p > 0.
In summary, given a flat gauge field ∇, the cohomological content of the corresponding de Rham complex reduces to the space of parallel sections of F .
4.2.
Gauge field on a B-brane. Let us assume that (F • , d • ) is a bounded complex of finitely generated holomorphic locally free sheaves on the manifold X. It is natural to define a gauge field on the corresponding B-brane as a family {∇ (•) } of connections, where ∇ (i) is a connection on F i such that the following diagrams are commutative
The existence of these sequences of compatible connections is proved in [3] . Given such a family {∇ (i) } of flat connections, one has the double
We set T • for the total complex. We will determine the hypercohomology groups H k (X, T • ) in order to study the cohomological content of the flat gauge field on the brane.
The spectral sequence E p,q 2 = H p (X, H q (T • )) abuts to H p+q (X, T • ). On the other hand, the spectral sequenceẼ p,q
Since the F p are locally free sheaves, as in Subsection 4.1, the Poincaré's lemma holds for the complex Ω • X ⊗ O X F p . Hence, for q > 0 and any p,
Thus,Ẽ p,q 2 = 0 for q > 0 and
By the convergence of this spectral sequence, (4.9)
H p (T • ) = H p d (K • ). On the other hand, each K i is a local system, since its sections are the parallel sections of F i . Hence, the cohomology sheaves H j d (K • ) are also local systems [10] , and consequently
, for i = 0 . Thus, from (4.9) it follows E p,q 2 = 0 for p > 0 and E 0,q 2 = Γ(X, H q d (K • )). By the convergence of this spectral sequence, one deduces the following proposition.
Proposition 5. If the F p are holomorphic locally free sheaves and the connections ∇ (p) are flat, then the hypercohomology
, where K i is the locally constant sheaf defined in (4.8) .
Assumed that there exist families of flat connections, they are the vacuum states of the respective Yang-Mills theory. The local systems H p d (K • ) correspond to those considered in (1.1) (in the present case the stratification of X is the trivial one). Each H p d (K • ) determines a representation of the homotopy group π 1 (X), and these representations give the shifts of the respective Aharonov-Bohm effect.
4.3.
From connections to D-modules. In this section we consider a possible definition of a flat gauge field on a B-brane E which is a coherent O X -module. This definition is a generalization of the one for locally free sheaves.
In the case of locally free sheaves, a flat connection defines a parallel transport, and this transport in turn determines the connection. Furthermore, the equation ∇σ = 0 for the parallelism has the following properties (1) It is a overdetermined equation, so the space of solutions is finite dimensional. (2) It is a regular differential equation, even when ∇ has logarithmic singularities. Thus, its solutions have a moderate growth. On the other hand, denoting by Θ X the sheaf of holomorphic tangent fields to X, a flat gauge field on the locally free sheaf F defines an action of Θ X on F θ · σ := ∇ θ σ, for θ ∈ Θ X and σ ∈ F . This action is compatible with the O Xmodule structure of F . Hence, denoting by D X the sheaf of differential operators on X, F is a D X -module.
The above argument leads one to think that certain D X -structures on E, can be considered as the flat gauge fields in the brane E. The above mentioned properties (1) and (2) have translation to the context of D X -modules. We summarize the main points of this translation. For details see [6] .
Associated to a coherent D X -module M is its characteristic variety Ch(M). It is an analytic subvariety of the cotangent bundle T * X, and its dimension satisfies dim(Ch(M)) ≥ n. The D X -module is called holonomic if dim(Ch(M)) = n. This condition is the property for the D X -modules which corresponds to the property (1) .
The sheaf D X of differential operators on X has a natural filtration F k (D X ), defined by the order of the operators. A filtration of the coherent
We denote by Gr(M) the respective graded module
Let I be the defining ideal of the characteristic variety Ch(M). The holonomic D X -module M is called regular, if it locally has a coherent filtration satisfying IGr(M) = 0 [8] .
If M is a holonomic D X -module, there exists a Whitney stratification of X, X = ⊔ a X a such that where T * Xa X is the conormal bundle of X a . It is easy to show that if F is a locally free O X -module endowed with a flat connection, then the characteristic variety of the corresponding D X -module is T * X X, i.e. the zero section of T * X. The converse is also true. Thus, one has the equivalence between the category of O Xmodules endowed with flat connections and the category of coherent D X -modules such that its characteristic variety is T * X X. A sheaf S of vector spaces on X such that the stalk S x is finite dimensional for any x is said to be constructible, if there exists a stratification {Y a | a = 1, . . . , t} of X, such that the restrictions S| Ya are locally constant sheaves. By D b c (C X ) we denote the full subcategory of D b (C X ) consisting of the objects whose cohomology modules are constructible.
Given a D X -module M, the following complex (Ω
where α is a homolorphic k-form and (x 1 , . . . , x n ) are local coordinates on X, is called the de Rham complex of M. It will be denoted DRM.
In this complex we assume that Ω k X ⊗ O X M is placed at degree k − n. The Kashiwara constructibility theorem asserts that for any regular holonomic D X -module M, the sheaves
where the {X a } are the members of the stratification in (4.10), are locally constant. In fact, according to the Riemann-Hilbert correspondence, DR defines an imbedding functor from the category of regular holonomic D X -modules in the category D b c (C X ) 1 . Hence, H j (DRM)| Xa determines a representation ρ j,a of the respective fundamental homotopy group.
In the case that M is a locally free O X -module endowed with a flat connection, the stratification of X reduces to ∅ ⊂ X and by Proposition 4, there is only one representation involved; the one determined by the local system K of parallel sections.
Example. Let X = C and denote by N the sheaf of meromorphic functions on X with pole at 0. Given the complex constant λ, we define the sheaf S by
V being an open of X.
On the O X -module N , we define a left D X -module structure through the map F :
for θ = f ∂ z , f and g local sections of O X and N , respectively. That is,
Denoting by P the operator P := d dz − λ z , one has the exact sequence of D X -modules
where M is D X /D X P . As Hom D X ( − , N ) is a left exact functor, one has the following exact sequence
On the other hand, the de Rham complex of N reduces to
Hence,
The zero set of the principal symbol of the operator z d dz − λ is T * 0 X ∪ T * X X. Hence, the X a 's of (4.10) are, in this case, X a 1 = C \ 0, X a 2 = {0}. So, H 0 (DRF ) Xa 1 = S C\0 .
If g is a local section of S C\0 , then g(z) = z λ = exp(λ log z), where log z is any branch of the logarithm function. The analytic continuation of g(z) along the curve γ = {exp(2πit) | t ∈ [0, 1]}, transforms z λ into z λ exp(2πiλ). As the homotopy class of γ generates π 1 (X a 1 ), the corresponding representation ρ 0,1 is determined by ρ 0,1 ([γ]) = exp(2πiλ) ∈ C × .
Hence, in the D X -module S there exists Aharonov-Bohm effect.
Direct images. Let Z be a compact analytic submanifold X of dimension k. By j : Z → X we denote corresponding embedding. Let us assume that there exist local coordinates (x 1 , . . . , x n ) such that Z is defined by the equations x k+1 = · · · = x n = 0. Given M a D Z -module, the direct image j + M is the D X -module (see [10] ) (4.12) C[∂ k+1 , . . . , ∂ n ] ⊗ C j * M,
where j * M is the extension of M (considered as O Z -module) to X by zero, and ∂ i = ∂ x i . For i > k, the action of ∂ i on j + M is the natural on the first factor in the tensor product of (4.12). ∂ i , when i ≤ k, acts on the second factor; and given a function f ∈ O X , it acts on j * M by means the restriction to Z; i.e. f · m = f | Z m.
A theorem of Kashiwara asserts that j + M is D X -coherent if M is D Z -coherent. Moreover, denoting Case Z = pt. In this case j + M is a skyscraper D X -module at a point p ∈ X. By (4.13), Ch(j + M) = T * p X. As j * M is supported at p, so is the de Rham complex of j + M. Therefore, the representations ρ j,a of the homotopy groups above mentioned are trivial, and there is no Aharonov-Bohm effect in this D X -module.
Case M = O Z . The D X module j + (O Z ) is usually denoted B Z|X and it is isomorphic to
The characteristic variety Ch(B Z|X ) is the conormal bundle T * Z X of Z. Thus, B Z|X is an example of regular holonomic D X , which is not O X locally free.
The de Rham complex of B Z|X is acyclic at all degrees except at m := n − k = codim Z. It is not hart to show that (see [12, Sect 14 
